The semi-simple radical classes of associative rings have been described by P. N. Stewart and have subsequently been investigated by several authors. The necessary modifications of Stewart's work are carried out in § 2 of the present paper to provide a classification of the semi-simple radical classes of associative algebras over an arbitrary field. It turns out that if the field is infinite there are only the trivial classes, while for finite fields the classes are the appropriate portions of the semi-simple radical classes of rings. In § 3 some examples of the presence and absence of nontrivial semisimple radical classes in non-associative situations are given. Tamura introduced the notion of attainability while dealing with semigroups (and thus his formulation differs somewhat from the special case relevant to our considerations, which we introduce in § 1) and posed the problem of finding all attainable sets of identities for rings and other structures. The matter was taken up by MaΓtsev [18] , who showed that, (in situations where the concept is defined) if a variety has attainable identities, it is closed under extensions. Whether the converse is true or not appears to be an open question. In this paper we show that the converse is true in a number of cases, including associative, alternative and Jordan (if the operator domain contains 1/2) algebras over a principal ideal domain-in these cases giving at least some examples of varieties with the properties. In some other cases, including arbitrary and Lie algebras over fields and the ring of integers, we show that there are no nontrivial varieties with attainable identities, so the problem here is to determine whether or not there are nontrivial varieties closed under extensions.
In the case of Lie algebras over fields of characteristic 0, Parfenov [22] has shown that there aren't any. Our references for variety theory are the long article of Osborn 401 402 B. J. GARDNER [21] and the book by Procesi [23] . The latter treats only associative algebras. For radical theory see Divinsky [5] , or the notes of Leavitt [14] or Wiegandt [35] . Leavitt deals with non-associative rings, the others with associative rings only.
It is customary to state that radical theory can be developed in any "universal class" of rings or algebras-a class closed under ideals and homomorphic images. All the universal classes in which we shall work will be varieties, which we designate universal varieties. Two other conventions used throughout the paper are worth mentioning: any class of algebras is assumed to contain, along with each member, all isomorphic copies thereof; <|means "is an ideal of". 1* General results. Throughout this section we shall work in a fixed "universal" variety *W of algebras over a commutative associative ring 42, with an identity element. All varieties treated will be "within" "W.
Let F denote a free algebra (in < W) on a countably infinite set of generators. A T-ideal of F is an ideal which is invariant under every endomorphism of F. Let J be a T-ideal of F. For each algebra A, we denote by A(I) the subalgebra of A generated by Then A(I) is the set of evaluations in A of polynomials in I. There is a bisection between the set of T-ideals of F and the set of varieties, given by associating with each T-ideal I the class T of algebras in which the polynomials from / vanish identically. Moreover, for every algebra A, we have
A/A(I) e T and A{I) = Γi {K < A \ A/K e T) .

In addition, T= {B/B(I) | B e <Sfr}.
Being hereditary, a variety T defines an upper radical class U(T). Our first result relates this class to the concepts discussed above. THEOREM 
Let °Γ be a variety, I the associated T-ideal. Then
{A\A(I) = A}= U{T).
Proof. The upper radical class consists of those algebras with no nonzero homomorphic images in Tl By our remarks above, these are precisely the algebras A with A(I) = A.
Shchukin [24] has shown that in the class of all groups, for any fixed variety, the class of groups coinciding with their verbal subgroups (relative to this variety) form a radical class. The group theory analogue of Theorem 1.1 (and its proof) provide another way of getting Shchukin's result.
In the sequel we shall denote the radical class of Theorem 1.1 by ^T 7 .
In some cases we can get a "local" characterization of ^? z , using a transfinite chain of subalgebras defined as follows Recall that a radical class is strict if every radical subalgebra of every algebra is contained in the radical or, equivalently, if subalgebras of semi-simple algebras are semi-simple. (ii) ψ* is an idempotent variety.
Proof. Clearly (i) ==> (ii).
(ii) ==* • (i): If T* is an idempotent variety, it is closed under homomorphic images and extensions. It is also closed under subdirect products and hence is local, i.e. unions of directed systems of subalgebras from T are in T. (See [4] , p. 101; also [35] , p. 161.) In particular, unions of chains of 5^-ideals are 5^-ideals. It follows that 3^ is a radical class. Being a variety, 3 r has the other required closure properties.
The identities of a variety T with Γ-ideal I are said to be attainable if A(I, 2) = A(I, 1) for all algebras A. The concept of attainability was introduced by Tamura [33] for semigroups and discussed also by MaΓtsev [18] . (ii) ==> (iii): 3^ is closed under homomorphic images and subdirect products and hence is strongly hereditary, by an argument identical to that used in [31] , Lemma 4.1 and [35] , p. 163. T is therefore an idempotent variety and so, by Theorem 1.4, a radical class.
(iii) => (i): Since ψ* is closed under subdirect products and homomorphic images, it is strongly hereditary, and hence a variety as well as a semi-simple class. Let I be the T-ideal associated with ψ* and let ^= U{T). Then for every algebra A, we have
e. 3^ has attainable identities. COROLLARY 
(MaΓtsev [18]). If a variety T has attainable identities, then Ψ* is idempotent.
We do not know of an idempotent variety which has nonattainable identities. Wiegandt [35] has shown that for associative rings, a semi-simple radical class is the same thing as an idempotent variety. We shall consider some further instances of this phenomenon. For this we place some restrictions on our universal variety C W. We first assume that W^ contains all the zeroalgebras over Ω, i.e. the algebras with trivial multiplication.
We shall call an algebra A e *W~ nilpotent of index n if every product of n elements of A, with arbitrary bracketing, is zero, but there exists a nonzero product of n -1 elements. A product b of the latter kind satisfies the conditions
Thus the ideal generated by b is a zeroalgebra. Since the class of nilpotent algebras is homomorphically closed, we have, as usual, the following result. PROPOSITION 
Let *W be a universal variety of Ω-algebras, containing all zeroalgebras. Then in < W the lower radical class defined by the class of zeroalgebras contains all nilpotent algebras.
For the free algebra F we shall denote by F n the subalgebra ( = T-ideal) generated by all words of length ^ n. PROPOSITION Proof. We need only show that Ω°, the zeroalgebra on the additive module of Ω, is in each idempotent variety T containing a zeroalgebra A Φ 0, since then °Γ contains all cyclic zeroalgebras and all homomorphic images of direct sums of these, i.e., all zeroalgebras. 5^ must certainly contain a cyclic zeroalgebra C. If C £ Ω°, then C has as a homomorphic image the zeroalgebra on a cyclic module Ω/(π), where π is prime. The latter module is in T, and arguing inductively from the exact sequences of modules
) ~ Ω/(π) for all n, we see that 3^ contains the zeroalgebra on Ω\(π % ) for all n. But β° is a subdirect product of these.
The conditions of Proposition 1.8 are satisfied, for example, by the varieties of associative, alternative, Jordan, power-associative and arbitrary algebras. There are varieties 'W which contain all zeroalgebras but do not satisfy the requirement for free algebras: consider the variety of associative rings which are extensions of zerorings by boolean rings. In this case we have F n = F 2 Φ 0 for all n ^ 2, since for any two generators x 9 y of F we have (x n~ι + x)(y n~ι + y) = 0, whence xy e F n and thus F 2 £ F n for all n^2. The next result will enable us to specify some further universal varieties in which every idempotent variety has attainable identities. THEOREM 
Let 3Γ be an idempotent variety, I the corresponding T-ideal. For every algebra A, A(I, 1) is the ideal of A generated by A(I, 2).
Proof. Let K be the ideal of A generated by A(I, 2). Then K <\ A (1, 1) and A(I, 1)1 K is a homomorphic image of A(J, 1)1 A(I, 2) and the latter is in 3*7 so A(I, 1)1 K is in ψl From the exact sequence 0
• Proof. We will show that in every case, we have: (ii) Hentzel and Slater [10] showed that B/C is locally nilpotent for alternative rings. This is still true with a ring of operators.
(iii) Slin'ko [29] has shown that either B/C contains a nilpotent ring-ideal or C <\ A, i.e. C = B.
Under the conditions of Corollary 1. for some n(a) > 1 (Osborn [21] , p. 321).
For associative rings much of the material of this section has been covered. Armendariz [3] proved the relevant special case of Corollary 1.9 by using, inter alia, a result of Amitsur on free associative rings. Shevrin and Martynov [25] showed that the nontrivial varieties of associative rings with attainable identities are precisely the varieties generated by finite sets of finite fields, while Martynov [19] proved that these are precisely the nontrivial idempotent varieties. For a purely radical-theoretic account of semi-simple radical classes in this context see [31] and [9] . In particular, it is shown in [9] that the classes T n = {A I a n = aVa e A} , n = 2, 3, 4, are semi-simple radical classes, though there are others. It has been widely accepted ( [17] , [30] , [35] , [36] ) that the T n are the only (nontrivial) semi-simple radical classes. By Theorem 1.5, the identities x n -x are all attainable for associative rings. It was asserted in [34] that x 2 -x is not attainable, and in [11] that only x = x and x -y are attainable.
We conclude this section with a couple of remarks about varieties in an arbitrary *W.
Following Leavitt [15] , we say that for a class ^£ of algebras which defines an upper radical class U(^), the latter has the intersection property if 
. For a variety Ύ] U(T*) has the intersection property if and only if Ψ* has attainable identities or, equivalently, is a semi-simple class.
It follows from a result of Enerson and Leavitt ([6] , Theorem 2) that varieties J%ζ & determine the same upper radical class if and only if every nonzero algebra in J^ (resp. ^) has a nonzero homomorphic image in έ% (resp.
As we have seen, the radical class & τ defined by a Γ-ideal I need not be strict. On the other hand, for every strict radical clasŝ , &{F) is a Γ-ideal and so & determines a variety. It would be interesting to know the precise connection between & and this variety.
2 Associative results* In this section we shall work with associative algebras over a field K and obtain results analogous to those obtained by Stewart [31] for associative rings. By Corollaries 1.9 and 1.12, the nontrivial semi-simple radical classes (=idempotent varieties) contain no zeroalgebras and thus are subclasses of
2 Va e A} . it follows that A is finite dimensional and hence finite. Also A has no nilpotent elements, so A is a finite direct sum of jK-fields. Since A is finite, so are the fields.
(ii) => (iii): Each a e A is contained in a finite direct sum of finite fields, so a suitable n(a) exists.
(iii) ==> (i): This is clear. PROPOSITION Conversely, if &~ is a finite, strongly hereditary set of finite l£-fields, the class c^> {^r) of subdirect products of ϋΓ-fields from JF is the semi-simple class defined by Jf ( [32] , Theorem 1; see also [5] , p. 121) and hence is closed under extensions. But an algebra A belongs to ^C^"") if and only if every finitely generated subalgebra of A is a finite direct sum of jK-fields from (Proposition 2.5). From this it follows that ^(J^) is strongly hereditary and homomorphically closed. Thus <&{&*) is an idempotent variety, i.e. a semi-simple radical class. The correspondence is a bijection since it associates with each set of iΓ-fields the semi-simple class which it generates. 3* Miscellaneous results* We conclude with a few examples, some of a rather negative character, involving idempotent varieties and semi-simple radical classes. When W~ is the class of associative rings, Ψl is well known to be a semi-simple radical class (see [31] Thus 3 r is an idempotent variety consisting of rings of characteristic p, so 3^ is an idempotent variety of Jordan algebras over the field Z(p) of p elements. By Corollary 1.12 (iii), T is a semisimple class of ^(p)-algebras. Let S be a Jordan ring of which every nonzero ideal has a nonzero homomorphic image in Ψ* and suppose pS Φ 0. Then pS <\ S, so (pS)/T e 3^ for some T < pS. But then (pS)/? 7 has characteristic p, so that p 2 S £ T, which means that (pS)/Γ is a zeroring, whereas 3^ contains no ring with a nonzero nilpotent element. Thus pS = 0 and every ideal of S is a Z(p)-ideal. Since 3^ is a semi-simple class of Z(p)-algebras, it follows that S is in Ti Hence ψ* is a semi-simple class of rings and so, by Theorem 1.5, has attainable identities.
(cf. [31], Proposition 3.7). Let ^ be a finite, strongly hereditary set of finite K-fields. A K-algebra A is a subdirect product of K-fields in J?~ if and only if every finitely generated subalgebra of A is a finite direct sum of K-fields from
We proceed now to some universal varieties in which there are no nontrivial varieties with attainable identities.
Firstly an example somewhat removed from what we have been looking at: Theorems 1.4 and 1.5 have exact analogues for groups (see also [24] in this connection); on the other hand, the Neumanns [20] and ShmeΓkin [28] have shown that the set of nontrivial group varieties is the free semigroup (relative to o) generated by the indecomposable varieties, and as such has no idempotents. Thus there are no nontrivial attainable sets of identities for groups. This was also pointed out by MaΓtsev [18] and was established in another way by Tamura [33] .
Recall that a Schreier variety of algebras over a field is one in which nonzero subalgebras of free algebras are free.
Proof. Let F be a free algebra in W~ on !^0 generators, I a nonzero Γ-ideal Φ F. Then I = F(I) is free. Let {e λ \ λ 6 Λ} be a set of free generators of I. We shall prove that 1 (1) contains no e λf whence IΦ 1(1) -F(I, 2) . Since IΦ F, there is a nonzero algebra A in the variety defined by /. Suppose e μ is in I(/), for some μeΛ, say e μ -g(e λχ1 * ',e λn ) for some #6/ and λ t , Proof. Suppose *W K has no nontrivial attainable identities for every field K> and let y be a variety in W~ with attainable identities. In what follows, Q denotes the field of rational numbers. Let A be a ^^-algebra, every nonzero ideal of which has a nonzero homomorphic image in y q . Then as a ring, A has the property that every nonzero divisible ideal is a Q-algebra ideal and so has as a homomorphic image a nonzero algebra in 3^3, i.e., A has a nonzero torsion-free homomorphic image in ψ) If / is an arbitrary nonzero ideal of A (qua ring) then I* = {a e A \ In Φ 0 such that na e /} is a nonzero divisible ideal, so, since A is a Q-algebra, I*/Key for some iΓ<]/* such that I*/K is nonzero and torsion-free. Under these conditions, I£K, so /// Π K = (I + K)/K is a nonzero homomorphic image of / which belongs to ψl Since y is a semi-simple class, it follows that A belongs to y and hence to 2^. But then ?^ is a semi-simple class in ^ρ, i.e., it has attainable identities there.
By assumption, y q = {0} or <W q (Note that ^ Φ {0}.) In the latter case, y contains all free ^ρ-algebras. Let F be a free 2^-ring of rank K o . Then by Theorem 4.4, p. 195 of [21] , Q% Z F or, equivalently, the minimal divisible extension Ώ(F/t(F)) of F/t(F) ( [7] Theorem 119.1) where t(F) is the torsion ideal of F, satisfies the identities of W and so is free of rank fc$ 0 in W^. Then y contains D(F/t(F)) and hence F/t(F). But then y contains all torsion-freê *-rings. In particular, y contains the zeroring Z° on Z and hence the zeroring Z(p)° on the cyclic group of order p, for all primes p.
For convenience, we shall denote by °F V the variety of algebras over the field Z(p) of p elements, which belong to % and so on. The above argument shows that y v Φ {0} for all primes p. Let B be a ^^-algebra of which every nonzero algebra ideal has a nonzero homomorphic image in y p . Since every ring ideal of B is an algebra ideal and ^ is a semi-simple class in W~, it follows that B is in 3^, whence 71 is a semi-simple class in ^%. Consequently (since 5^ has attainable identities and T v Φ {0}) T v = ^ Π ^ = 2^. Thus 3ĉ ontains all W-rings R for which pi2 = 0. Let S be a ^^-ring whose additive group is a p-group, and for each n let S The Schreier varieties over an arbitrary field include the varieties of all algebras (Kurosh [13] ), Lie algebras (Shirshov [26] , Witt [37] ), commutative and anticommutative algebras (Shirshov [27] ). In the case of characteristic 0, Parfenov [22] obtained, for Lie algebras, the exact analogue of the group-theoretic result of the Neumanns and ShmePkin quoted above, so there are no nontrivial idempotent varieties there. As we have remarked, we do not know of an example (anywhere) of an idempotent variety which does not have attainable identities, but it seems worth recording that an argument similar to that used for Theorem 3.5 establishes the following result. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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